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ABSTRACT:

The paper discusses the determination of a set of constants for the high-cycle accumulation model (HCA) re-
cently proposed by the authors (Niemunis et al., 2005). The HCA model may be used to predict permanent
strains or excess pore water pressures in a non-cohesive soil due to a cyclic loading with relatively small ampli-
tudes and a large number of cycles. The necessary laboratory tests and their analysis are explained in detail in

this paper.

1 INTRODUCTION

The HCA model recently proposed by the authors
(Niemunis et al., 2005) predicts permanent deforma-
tions or excess pore water pressures in non-cohesive
soils due to many cycles (V > 10%) with relatively
small amplitudes (3™ < 1073, so-called high- or
polycyclic loading). The HCA model is based on
an extensive laboratory testing program (Wichtmann,
2005) on a medium coarse sand. The model can be
applied to foundations subjected to traffic loading, to
offshore and onshore wind power plants, to machine
foundations, to problems related to mechanical com-
paction of granular soils, etc.

In the HCA model a single material constant (crit-
ical friction angle ¢.) is used in the equations for
the direction of accumulation m = £%¢/||e**||. Eight
material constants (C., C,, Cy, Cn1, Cn2, Cns,
Cr1, Cro) are required for the intensity of accumu-
lation £%¢ = ||€**||. Furthermore, two material con-
stants (e.g. Poisson’s ratio v, Young’s modulus E) are
needed for the isotropic elastic stiffness E coupling
the predicted trends of stress and strain.

Although the test results and the constants for a
medium coarse sand have already been presented by
Wichtmann (2005) there is a need for a more detailed
description of the procedure for the determination of
the material constants. It is the objective of the present
paper. The paper gives recommendations for labora-
tory tests and discusses the evaluation of the test re-
sults.

2 HIGH-CYCLE ACCUMULATION MODEL

The differences between the "implicit” and the “ex-
plicit” calculation strategy have been explained by

Niemunis et al. (2005). The main constitutive equa-
tion of the HCA model for explicit calculations reads

o=E:(¢6 - —¢") )

with the Jaumann stress rate o of the effective stress
o, the strain rate ¢, the prescribed strain accumulation
rate ¢, the plastic strain rate ¢” and the (barotropic)
elastic stiffness E. In the high-cyclic context “rate”
means the derivative with respect to the number of
cycles N, i.e. LU =9 U /ON. The accumulation rate
is calculated as the product of the scalar intensity of
accumulation £ and the direction of accumulation
m (a unit tensor):

e = m = fanInfofofy frm (2

The flow rule of the modified Cam clay (MCC) model
has been experimentally found to approximate m
well. A multiplicative approach is used for the inten-
sity of strain accumulation £%°. Each function (see Ta-
ble 1) considers separately the influence of a different
parameter (strain amplitude ™', cyclic preloading,
void ratio e, average mean pressure p?, average stress
ratio n® = ¢® /p® or Y, polarization changes). In the
function f,, « is the angle between the current polar-
ization and the so-called ”back polarization”. For the
definition of a multiaxial amplitude and its polariza-
tion from a 6D strain path see (Niemunis et al., 2005).

3 DETERMINATION OF A SET OF CON-
STANTS

The determination of the constants is demonstrated

for a quartz sand with sub-angular grain shape. The

grain size distribution curve is almost linear in the



Influencing parameter Function Material constants  Reference quantities
Strain amplitude Jfampl = Min { (e /5?';“‘")2 ; 100} e — 104
Cyclic preloading fn=fo+fE Cn1, Cnay Cs
f]e = Cn1Cnzexp {_QA/(Cleampl)}
(éfé = ()JQMC{W,
. . e € + Cref

\oid ratio fe= e (C—eql? C, Eref = Cmax
Average mean pressure fp=exp[—C, (p*/prg — 1)] C, Pref = Pam = 100 kPa
Average stress ratio fy = exp (Cy Ya’) Cy
Polarization changes Jr=14+Cr (1 —cosa) Cr

= —Chry (32 Cra

Table 1. Summary of the functions, material constants and reference quantities of the high-cycle model

semi-logarithmic scale. The mean grain size is dsq =
0.6 mm and the coefficient of uniformity is C', = 2.5.

3.1 Index tests

The maximum void ratio e,,., 1S used as a reference
quantity in the function f. of the HCA model (Ta-
ble 1). The minimum and maximum void ratios e,;,
and e,,.x may be determined according to the well-
known procedures described in standard codes (e.g.
DIN 18126 or ASTM-D-4253/ASTM-D-4254). For
the present sand e, = 0.856 and e,,;, = 0.495 have
been obtained following the procedure of DIN 18126.
For quartz sand the specific density may be assumed
as o, = 2.65 g/lcm?,

3.2 Tests on the critical friction angle ¢,

The critical friction angle is needed in the equations
for the cyclic flow rule” m. . may be obtained from
the reposed angle. For this purpose a cone of sand is
deposited by slow centric lifting of a funnel. ¢. is the
inclination of the cone. For the present sand ¢, = 33°
was obtained as the mean value of five tests.

3.3 Cyclic triaxial tests for C., C,, Cy, Cn1, Cno,
Cns

The constants of the functions f., f,, fy and fx may
be obtained from load-controlled drained cyclic triax-
ial tests. The test device and the method of sample
preparation used for the present study have been de-
scribed by Wichtmann (2005).

In the following some remarks on suitable test con-
ditions and test analysis are given:

e It is distinguished between the first "irregular”
and the subsequent ’regular” cycles (Fig. 1). The
HCA model predicts the average accumulation
during the regular cycles and the number of cy-
cles IV is counted from the beginning of the first

regular cycle, i.e. N = 1 means after the first reg-
ular cycle.

€ average accumulation curve
predicted by the HCA model

N
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i—> subsequent "regular" cycles
H"irregular" cycle Ct

Figure 1. Typical curvee(t) in acyclic triaxial test

e For sand the loading frequency does not signifi-

cantly influence the residual and resilient defor-
mations (Wichtmann, 2005) as long as inertia
forces are negligible. For the determination of
the constants of the HCA model, a loading fre-
quency of 1 Hz may be suitable for most sands.
In the case of fine sands with a low permeability
a lower frequency might become necessary in or-
der to assure drained conditions. Otherwise the
pore water pressure u might significantly oscil-
late during a cycle or it might even accumulate
with N. Due to the large deformations the first
cycle in general should be applied slower (e.g.
with a period 7" = 100 seconds) than the subse-
quent ones.

The axial deformation and the volume change
should be measured. It is sufficient to record the
data at several time instances, e.g. from the ir-
regular cycle, from the first 25 regular cycles and
from 4 or 5 cycles at V =50, 100, 1,000, 2,000,



5,000, 10,000, .... Over a sampled cycle a suf-
ficient number of data points (e.g. 50) should be
recorded.

e The deformation during consolidation (a resting
period of one hour at o has been chosen for
the present tests) and during the irregular cycle
is subtracted (Fig. 1), i.e. in the following Ah
and AV mean the axial deformation and the vol-
ume change measured from the beginning of the
first regular cycle. The axial and the volumetric
strain are calculated from ¢; = Ah/hg and ¢, =
AV/Vyore; =In(ho/h) and e, = In(V,/V), re-
spectively, with the initial height hg, the initial
volume V4, the actual height h = hy — Ah and
the actual volume V' =V, — AV. "Initial” state
means before the first regular cycle.

e The curves ¢(t) and e,(t) during the regu-
lar cycles are splitted into an elastic portion
(™ camy and a residual portion (¢,
&) (Fig. 1). The accumulated axial strain
after the cycle N = N; may be calculated

from e = %[€TaX(NZ'+1>+€If1m(NZ-)}

wherein  e™(N;) e.g. means the min-
imum value of &; during the cycle
ampl

N = N;. The elastic portion is e "~ =
L] (N;) — 3 (ePi(N;) + eP(Nisy) )|
The amplitude (™) and the residual value

() of the volumetric strain can be obtained in
a similar manner.

e From £, and ¢, the lateral strain is calculated
from &3 = 1(e, — £1), the deviatoric strain from

g = 3(e1 — e3) and the total strain from ¢ =

V(e1)? +2(e3)%. These equations can be di-
rectly applied to the amplitudes and the residual
values, e.g. e = \/(3™)2 +2(=3™)2 (don’t
use e.g. el = 1 (gmax — gmin)),

e At least three test series are necessary: a series
with different initial densities (Figure 2b), a se-
ries with a variation of the average mean pressure
p® (Figure 2c) and a series with different val-
ues of the average stress ratio n® (Figure 2d). A
test series with different stress amplitudes (Fig-
ure 2a) is useful in order to choose an appropriate
amplitude ratio for the subsequent test series.

3.3.1 Preliminary test series with different ampli-
tudes

This test series is recommended in order to choose an
appropriate amplitude ratio for the subsequent test se-
ries. The tests may also be used in order to confirm
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Figure 2. Suitable stress paths in the cyclic triaxial tests for
the determination of the constants C., C), Cy, Cn1, Cn2,
Cn3 of the HCA model

the function fanp of the HCA model. The tests should
be performed with medium dense specimens (e.g.
Ipo = (Emax — €)/(€max — €min) =~ 0.6). We recom-
mend to perform three tests in which at least N = 10°
cycles are applied at a constant average stress. For
the present study p® = 200 kPa and n® = 0.75 (i.e.
Ky = 0§’ /o = 0.5) have been chosen. For uniform
sands (C, < 3) the amplitude ratio may be varied
within the range 0.2 < ¢ = ¢® /p® < 0.4. For sands
with higher C,-values lower values (0.1 < ¢ < 0.3)
are recommended since the residual deformations in-
crease with increasing C,. In the present test series
the chosen amplitude ratios ¢ = 0.2, 0.3 and 0.4 corre-
spond to stress amplitudes ¢ = 40, 60 and 80 kPa.
The regular cycles were applied with a loading fre-
quency of 1 Hz.

The accumulated strain *° is plotted versus the
number of cycles N in Figure 3. The stress ratio for
the subsequent test series on f., f, and fy should be
chosen large enough so that the residual deformations
can be accurately measured. However, ¢ should be
chosen small enough in order to avoid excessive ac-
cumulation in tests on loose soil (f.) or in tests with
large stress ratios (fy). From the tests with different
amplitudes, the amplitude ratio ¢ of the test which
leads to a moderate accumulation, say 1 < £*¢ < 3%
after N = 10° cycles, could be chosen for the subse-
quent test series. According to Figure 3 the stress ratio
¢ = 0.3 was used in the present study.

3.3.2 Constant C, of function f,

For the determination of C. at least three tests with
different initial densities of the specimens are advised
(e.9. Ipo = 0.4, 0.6 and 0.8). All tests should be per-
formed with the same average stress o2 and with the
same stress amplitude. It is recommended to apply at
least 10° cycles. If a test series with different stress
amplitudes according to Section 3.3.1 has been con-
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Figure 3. Accumulation curvese®°(N) in tests with differ-
ent stress amplitudes ¢@™

ducted the test with the chosen (-value and Iy ~ 0.6
can be supplemented by two tests with a lower or a
higher initial density, respectively. As an example, be-
side the test with I, = 0.66, p® =200 kPa, n® = 0.75
and ¢ = 60 kPa (Figure 3) two tests with I =
0.52 and 0.82 have been performed. The accumula-
tion curves of the three tests are given in Figure 4.
Obviously the accumulation rate decreases with in-
creasing I po.
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Figure 4. Accumulation curvesin tests with different initial
relative densities I pg
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For the determination of the constant C. we need
a presentation of the test results as given in Figure 5.
It shows the accumulated strain after different num-
bers of cycles as a function of the void ratio. Since
the tests are performed stress-controlled the strain am-
plitude ™' varies with N. Furthermore, the looser
specimens have larger strain amplitudes. In order to
“eliminate” the influence of the strain amplitude, the
accumulated strain is divided by the amplitude func-
tion famp = (2™ /2P2 with £2P = 104, For each
number of cycles IV a mean value of the strain ampli-
tude 2™ has to be calculated. Since amplitude data is
available at NV-values in logarithmic distance (i.e. N
=1,2,510...) the sum 2@ = 1 /N Y c(N)
is used, e.g. for N = 10: £ = 1/10 {e2™(N =
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Figure 5. Determination of constant C, by fi tting of func-
tion f.

1) 4+ (N =2) 4 $[e™(N = 2) + (N =5)] -
3+ 1[N = 5) + (N = 10)] - 5}. In a sim-
ilar way also an integral value of the void ratio e is
calculated for each .

As an alternative the amplitudes or void ratios
at lower numbers of cycles could receive a higher
weighting by using 2™ = 13" £™(V) where i is
the number of <™ ( N')-values considered for the cal-
culation, e.g. for N = 10: &2 = 2[e™/(N = 1) +
e (N = 2) 4 £a(N = 5) + £@(V = 10)]. Hav-
ing famp and e for a certain IV, one can plot e*°/ fanp
versus e as it has been done in Figure 5.

For each N-value the function

f=k(Cc—e)/(1+e) @)

has to be fitted to the data. The curve-fitting delivers
the constant C.. The constant & is not further used.
The constants C, obtained for the data in Figure 5
are summarized in Table 2. N = 10 was considered
as the lowest N-value. A slight increase of C, can
be observed up to N = 200. For larger N-values, C,
is almost constant. The constant C. may be simply
taken as the mean value of the values determined for
the different numbers of cycles. This results in C, =
0.50. If the curve-fitting is restricted to a lower num-
ber of N-values (e.g. N = 20, 100, 103, 10* and 10°)
the same mean value C, = 0.50 is obtained in this ex-
ample. Thus, such a simplified procedure seems suf-
ficient.

3.3.3 Confirmation of fa

Having determined the constant C. = 0.50, the func-
tion fanp, 1.€. the linear proportionality between the
accumulation rate % and the square of the strain am-
plitude (a2 may be confirmed. The data from the
three tests with different amplitudes (Section 3.3.1) is
used. As described in Section 3.3.2 integral values of
void ratio & and strain amplitude 2™ are calculated



under-linear increase of the secant stiffness with p?

has to be considered.

N C. C, Cy
10 043 042 14
20 045 041 16
50 047 038 1.9
100 048 036 21
200 050 033 23
500 051 033 25
1,000 051 036 27
2,000 052 040 2.8
5000 052 043 2.8
10000 052 047 2.8
20,000 052 049 2.9
50,000 052 049 2.9
100000 052 051 2.7
Mean 050 041 24
Mean* 050 042 24

Table 2. Constants C,, C),, Cy (* = mean value derived
from the data at V = 20, 100, 103, 10* and 10° only)

for different V-values. Setting e into f. (Table 1) de-
livers the quantity f.. For agiven NNV the residual strain
€% has to be divided by the corresponding f.. In Fig-
ure 6, the values *°/ f, are plotted versus the square
of the strain amplitude (£2™')2, Straight lines through
the origin confirm the function famp.
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Figure 6. Confi rmation of function famp

3.3.4 Constant C,, of function f,

For the determination of C), tests with different av-
erage mean pressures p® are necessary. It is recom-
mended to supplement the test with /g ~ 0.60 and
p® =200 kPa from the test series on the e-influence by
additional tests with lower (e.g. p® =50 or 100 kPa)
and higher (e.g. p® = 300 kPa) pressures. The average
stress ratio n® and the amplitude ratio ¢ = ¢@ /p¥
should be kept constant within the test series. Figure
7 presents the accumulation curves ¢*°(N) in four
tests with »® = 0.75 and ¢ = 0.3. The accumulation
rates are quite similar in the four tests. However, the
increase of the strain amplitude with p® due to the
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Figure 7. Accumulation curves in tests with different aver-
age mean pressures p®

For each N the accumulated strain *° is divided
by the functions fanp and f.. They are calculated with
g2 and e. The values £%°/( f. famp) are plotted ver-
sus p? (Figure 8). The function

f=Fk exp[-C, (p*/100 - 1)] (4)

is fitted to the data resulting in the constant C',. The
Cp-values obtained from Figure 8 are summarized in
Table 2. The mean value is C}, = 0.41. The simplified
procedure delivers a similar constant C, = 0.42.
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Figure 8. Determination of constant C,, by fi tting of func-
tion f,

3.3.5 Constant C'y of function fy

The constant Cy may be determined from tests with
different average stress ratios n® while keeping p®,
@ and Ip, constant. The test with p® = 200 kPa,
n? =0.75and Ipy ~ 0.6 from the series on C, may be
supplemented by tests with lower (e.g. n® = 0.5) and
higher (e.g. n® = 1.0 or 1.25) average stress ratios.
Figure 9 presents the accumulation curves in tests
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Figure 9. Accumulation curves in tests with different aver-
age stress ratios n?®

with »® = 0.5, 0.75, 1.0 and 1.25. The accumulation
rate increases with increasing average stress ratio.

As a measure of the stress ratio we use Y = (Y —
9)/(Y, — 9) with ¥ = 27(3+1)/[(3 + 2)(3 — )
and Y, = (9 —sin® ¢.)/(1 — sin® ) with the critical
friction angle .. In order to determine C'y the resid-
ual strain after different N-values is divided by f. and
fampi (Since the strain amplitude @™ decreases with
increasing n?) and plotted versus the stress ratio Y&
of the test (Figure 10). The function

f =k exp(CyY®) (5)

is fitted to the data. The obtained constants Cy are
summarized in Table 2. An increase of C'y- during the
first 500 cycles is obvious while the values stay almost
constant at larger N. A mean value C'y = 2.4 has been
determined.
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Figure 10. Determination of constant C'y by fi tting of func-
tion fy

3.3.6 Constants C'y;, Cno and Cy3 of function fN

Having determined C., C}, and Cy the constants C'y1,

Ch2 and Cys of function f can be obtained. The
accumulation curves (V) of all tests described in
Sections 3.3.1 to 3.3.5 are used for this purpose. The

residual strain € is divided by the functions fang,
fes fp and fy and plotted versus NN. The functions are
calculated with the integral values #™ and e and with
the p® - and the Y®-values of the respective tests. The
data in Figure 11 was obtained using C, = 0.50, C,, =
0.42 and C'y = 2.4 as determined from the simplified
procedure (i.e. with only some of the N-values, Table
2). The function

fN = ONl [hl(l + CNQN) + CNgN] (6)

has to be fitted to all data points in Figure 11. The
constants C'y; = 2.4- 1073, Cyo = 0.026 and C'y3 =
8.2 - 107 have been obtained for the present sand.
The fitted function is given as a solid line in Figure
11.
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Figure 11. Fitting of function f n to the data of all test series

If the boundary value problems calculated with the
HCA model involve very large numbers of cycles
N > 10 a long-term test should be performed and the
function f should be fitted to the data of this test.

3.4 Constants C,; and C,, of function f

BVPs with a constant polarization of the cycles may
be calculated using f, = 1 as a first approximation.
If the polarization varies, the constants C';; and C'»
of function f. have to be determined. Tests with a
sudden change of the direction of the cycles are nec-
essary. A suitable test is the cyclic multiaxial simple
shear test ((Wichtmann, 2005)).

The increase of the accumulation rate after a
change of the polarization is obvious in Figure 12
which presents accumulation curves ¢*¢(N) in tests
with and without a sudden 90°-change of the polar-
ization. In Figure 13 the ratio of the accumulation
rates £*° in the tests with and without a change of
the polarization (= factor f,) is plotted versus the
number of cycles N — N,, after the change of polar-
ization. f, decays during approx. 1,000 cycles. The
curve f.(N — N,) seems to be independent of the
initial density. Thus, a pair of tests with and without
a change of the polarization is sufficient in order to
determine C; and C».
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Figure 13. Decay of the increased accumulation rate during
the cycles following the 90° -change of the polarization

If the polarization is not changed cosa = 1 and
f= = 1 hold. Directly after a change of the polariza-
tion by 90°, cosa = 0 and f, = 1 + () are valid.
The material constant C; is the difference between
fr directly before and f, directly after the polariza-
tion change. From the four tests C',; = 4.0 was deter-
mined as a mean value.

The rate of decay is governed by the second mate-
rial constant C,. It can be determined from C,, =
In(3/2) with (N — Nep)1» being the
E)2 (N — Neg)r /2 @z P
number of cycles for which the factor f, takes the
value 1 + Cy1/2 (Figure 13). The number of cycles
(N — Ngp)1/2 can be seen as a kind of "half-life” of
the polarization effect. For the four tests in Figure 13,
Cr2 = 200 has been obtained.

A disadvantage of the simple shear test is the inho-
mogeneous field of stress and strain within the spec-
imen. As an alternative a cyclic triaxial test with a
sudden 90° change of the polarization of 1-d cycles
in the P-Q-plane could be performed. P = v/3p and

@ = 1/2/3q are the isomorphic stress invariants.

3.5 Constants of elasticity E

For E in Equation (1) an isotropic (hypo)elastic stiff-
ness with a barotropic Young’s modulus is set into ap-
proach. E can be developed by comparing the rate of
cyclic relaxation and the rate of cyclic creep under the
same conditions (e?, e, N) and under the same cyclic
load. Two elastic constants (e.g. Poisson’s ratio v and
bulk modulus K (p)) have to be determined. Poisson’s
ratio may be estimated as v = 0.2 to 0.3. The bulk
modulus K = /3 can be obtained from compar-
ing the rate of pore water pressure « in an undrained
cyclic test and the rate of volumetric strain accumu-
lation £ in a drained cyclic test. A study of K with
15 pairs of drained and undrained cyclic triaxial tests
on a medium coarse sand has been documented by
Wichtmann et al. (2007). For the first approximation
it is recommended to use K = A ply" p™ with A =
540 and n = 0.30.

4 SUMMARY AND CONCLUSIONS

The paper presents a procedure for the determination
of a set of material constants for the HCA model pro-
posed by Niemunis et al. (2005). The critical friction
angle ¢. is determined as the angle of repose. The
constants C., C,, Cy, Cn1, Cn2 and C3 may be de-
termined from at least nine drained stress-controlled
cyclic triaxial tests. The constants C';; and C,, can
be obtained from two cyclic (multiaxial simple shear
or triaxial) tests, one with and one without a sudden
change of the direction of the cycles. The constants
of the elastic stiffness E may be determined by com-
paring drained and undrained cyclic tests. The paper
discusses suitable test conditions and the analysis of
the test results.
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